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chapter 15: combinatorics
Sections:
❖ 15.1 Venn Diagrams
❖ 15.2 The Multiplication, Addition, and Complement Principles
❖ 15.3 Permutations and Combinations
❖ 15.4 Permutations with Repetition; Circular Permutations
❖ 15.5 The Binomial Theorem; Pascal’s Triangle
HW Sets
Set A (Section 15.1) Pages 568-570, #’s 2-22 Even.
Set B (Section 15.2) Pages 575-577, #’s 2-26 Even.
Set C (Section 15.3) Pages 580-582, #’s 2-22 Even.
Set D (Section 15.4) Pages 585-587, #’s 2-18 Even.
Set E (Section 15.5) Page 592, #’s 6, 12, 16, 20.
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15.1 venn diagrams (page 565)
15.1 Warm Up!
Consider the integers from 1 to 10 inclusive.
a.

List all the integers that are:

b.

List each integer that is both prime
and odd.

d.

List each integer that is not prime,
not odd, and not a factor of 6.

-Prime:
-Odd:
-Factors of 6:
c.

List each integer that is prime, odd,
and a factor of 6.

Venn Diagrams
The theory of counting is formally known as _____________________. We can use sets to
separate the objects to be counted from all others, and we use a _______ ______________
to illustrate this.
Ex:

When drawing a Venn diagram, we begin with a rectangle, which represents a
__________________ set U. The two circles drawn represent _____________ of U.
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Special Subsets of the Venn diagram
The set of elements that any two sets A and B have in common the _____________ of A and
B. Denoted ________
Diagram:
The set of elements that either set A or set B have in common is the ____________ of A and
B. Denoted ________
Diagram:
The set of all elements _____ in a set A is called the ________________ of that set and is
denoted ______.
Diagram:
The Inclusion-Exclusion Principle
For any sets A and B, 𝑛(𝐴 ∪ 𝐵) =
Example 1: Drawing Subsets
Shade the region representing the set given.
̅̅̅̅̅̅̅
a.
𝐴 ∩ 𝐵̅
b.
𝐴∪𝐵

c.

𝐴 ∪ 𝐵̅

d.

𝐴̅ ∩ 𝐵

e.

𝐴 ∪ (𝐵 ∩ 𝐶)

c.

(𝐴 ∪ 𝐶) ∩ 𝐵

d.

(𝐴 ∪ 𝐵) ∩ (𝐴 ∩ 𝐶)

e.

(𝐴 ∩ 𝐶) ∪ (𝐵 ∩ 𝐶)

f.

𝐴̅ ∩ 𝐵̅ ∩ 𝐶̅

g.

̅̅̅̅̅̅̅
𝐴 ∩ (𝐵
∪ 𝐶)
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Example 2
Of the 540 seniors at Central High School, 335 are taking mathematics, 287 are taking science,
and 220 are taking both mathematics and science. How many are taking neither mathematics
nor science? Draw a Venn diagram to represent the situation.

The Inclusion-Exclusion Principle
For any sets A and B, 𝑛(𝐴 ∪ 𝐵) =
Example 3
In a survey, 113 business executives were asked if they regularly read the Wall Street Journal,
Business Week magazine, and Time magazine. The results of the survey are as follows:
88 read the Journal
6 read only the Journal
76 read Business Week
5 read only Business Week
85 read Time
8 read only Time
42 read all three.
How many read none of the three publications? Draw a Venn diagram to represent the
situation.
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Empty Set
In Example 2 we found that the set ̅̅̅̅̅̅̅̅̅̅̅̅
𝐽 ∪ 𝐵 ∪ 𝑇 has ___ elements in it. Such a set is called
the empty set and is denoted by the Greek letter _____ (phi).
Example 4:
A certain small college has 1000 students. Let F = the set of college freshman and let M = the
set of music majors. These sets are shown in the Venn diagram below. Describe each of the
following sets in words and tell how many members it has.
a.

𝑛(𝐹 ∩ 𝑀) =

b.

𝑛(𝐹 ∪ 𝑀) =

c.

𝑛(𝐹̅ ) =

d.

̅) =
𝑛(𝑀

e.

𝑛(𝐹̅ ∩ 𝑀) =

f.

̅) =
𝑛(𝐹 ∩ 𝑀

g.

̅̅̅̅̅̅̅̅
𝑛(𝐹
∪ 𝑀) =

Example 5:
If A is any subset of a universal set U, complete the following.
a.
𝐴∪∅=
b.
𝐴∩∅=
c.
d.

𝐴 ∩ 𝐴̅ =

e.

f.

𝐴∪𝑈 =

h.

̅) =
𝑛(𝐹 ∪ 𝑀

𝐴 ∪ 𝐴̅ =

𝐴∩𝑈 =

Example 6: Independent work *
Draw a Venn diagram and shade the region representing the set given.
a.
𝑃∩𝑄
b.
𝑃∪𝑄
c.

̅̅̅̅̅̅̅̅
𝑃∪𝑄

d.

𝑃̅ ∩ 𝑄̅
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Example 7: Independent work **
Let U = the universal set of all teachers at your school. Let the subsets of mathematics
teachers, biology teachers, physics teachers, and chemistry teachers be represented by M, B,
P, and C, respectively. Sketch the Venn diagram and describe in words each of the following
sets.
a.
𝑀∪𝑃
b.
𝑀 ∩ 𝑃̅
c.
𝐵 ∪ (𝑃 ∩ 𝐶)

d.

(𝐵 ∪ 𝑃) ∩ (𝐵 ∩ 𝐶)

e.

̅̅̅̅̅̅̅̅̅̅̅̅̅
𝑀∪𝑃∪𝐶

f.

̅ ∩ 𝑃̅ ∩ 𝐶̅
𝑀

Example 8: Independent work **
Draw a Venn diagram to illustrate each situation described. Then use the diagram to answer
the question asked.
a.
In an election-day survey of 100 voters leaving the polls, 52 said they voted for
Proposition 1, and 38 said they voted for Proposition 2. If 18 said they voted for both,
how many voted for neither?

b.

In a survey of 48 high school students, 20 liked classical music and 16 liked bluegrass
music. Twenty students said they didn’t like either. How many like classical but not
bluegrass?
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Example 9: Independent work ***
In a parking lot containing 85 cars, there are 45 cars with automatic transmissions, 43 cars with
rear-wheel drive, and 46 cars with four-cylinder engines. Of the cars with automatic
transmissions, 26 also have rear-wheel drive. Of the cars with rear-wheel drive, 29 also have
four-cylinder engines. Of the cars with four-cylinder engines, 27 also have automatic
transmissions. There are 21 cars with all three features. Draw a Venn diagram to represent
the situation.

a.

How many cars do not have automatic transmissions and rear-wheel drive but do have
four-cylinder engines?

b.

How many cars do not have any of the three features?
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15.2 the multiplication, addition, and complement principles
(page 571)
15.2 Warm Up!
How many ways can 2 Non-Fiction, 3 Fiction, and 2 biographies books be put on a shelf if they
have to be next to their specified genres?

Example 1
In 1990 the government of Hungary became concerned that the country was running out of
possible automobile license-plate numbers. Hungarian license plates were therefore changed
from 2 letters followed by a four-digit number to 3 letters followed by a three-digit number.
How many more plates are available under the new scheme?

The Multiplication Principle
If an action can be performed in ____ ways, and for each of these ways another action can
be performed in ____ ways, then the actions can be performed together in _______ ways.
Example 2
If you have 4 sweaters and 2 pairs of jeans, how many different sweater-and-jeans outfits can
you make?

Example 3:
In how many ways can 8 people line up in a cafeteria line?
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Example 4:
How many license plates can be made using 2 letters followed by 3 digits?

Factorial
The __________ of an integer and all the positive integers below it.
n! =
Mutually Exclusive
In example 4, suppose that each of the five spaces of a license plate can be filled with either
a letter or a digit. For any given space, then, there are 26 ways of choosing a letter, 10
ways of choosing a digit, and 26 + 10 = 36 ways of filling the space. Note that we ______
the number of ways of performing the actions of choosing a letter and choosing a digit
because the actions are mutually exclusive. In other words, they __________ be performed
together.
The Addition Principle
If two actions are ______________ ________________, and the first can be done in 𝑛1
ways and the second in 𝑛2 ways, then one action ___ the other can be done in
____________ ways.
Example 5:
Determine whether the following events are mutually exclusive or not.
a.

Turning Left and Turning Right

b.

Tossing a coin and getting heads and tossing a coin and getting tails.

c.

Turning left and scratching your head

d.

In a single draw, pulling a King or pulling an Ace.

e.

In a single draw, pulling a King or pulling a Heart.

f.

A pair of dice is rolled. Rolling a 9 and rolling a double.

g.

A pair of dice is rolled. Rolling a 6 and rolling a double.
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Example 6:
How many ways can 2 Non-Fiction, 3 Fiction, and 2 biographies books be put on a shelf if they
have to be next to their specified genres?

The Complement Principle
When counting the number of elements in a set, you may find it easier to count the number
in the complement in the set and then use the following principle.
If A is a subset of a universal set U, then:

𝑛(𝐴) =

Example 7:
a.
Find the number of 4-digit numbers containing at least one digit 5.

b.

How many 3-digit numbers contain no 7’s?

c.

How many 3-digit numbers contain at least one 7?

d.

How many numbers from 5000 to 6999 contain at least one 3?
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Example 8: Independent work *
Evaluate
a.

5!

b.

6!

c.

7!

Example 9: Independent work **
a.

In how many different orders can you arrange 5 books on a shelf?

b.

In how many different ways can you answer 10 true-false questions?

c.

In how many ways can 4 people be seated in a row of 12 chairs?

d.

In how many ways can 4 people be seated in a row of 12 chairs if they must all sit next
to each other?

Example 10: Independent work **
Many radio stations have 4-letter call signs beginning with K. How many such call signs are
possible if letters…
a.

Can be repeated?

b.

Cannot be repeated?
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Example 11: Independent work **
A high school coach must decide on the batting order for a baseball team of 9 players.
a.

The coach has how many different batting orders from which to choose?

b.

How many different batting orders are possible if the pitcher bats last?

c.

How many different batting orders are possible if the pitcher bats last and the team’s
best hitter bats third?
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15.3 permutations and combinations (page 578)
15.3 Warm Up!
Tell whether the order in which the following choices are made is important or not.
a.

Four students are chosen from a class of 87 students to be student council
representatives.

b.

Four digits are chosen for a bank-card identification code.

Example 1:
List a 5-step procedure to complete a task.

Formula
Permutation
(order important)
Combination
(order not
important)

Example

𝑛𝑃𝑟

=

12𝑃3

𝑛𝐶𝑟

=

12𝐶3

r things chosen from n things
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Example 2
A company advertises two job openings, one for a copywriter and one for an artist. If 10
people who are qualified for either position apply, in how many ways can the openings be
filled?

Example 3
A company advertises two job openings for computer programmers, both with the same salary
and job description. In how many ways can the openings be filled if 10 people apply?

Example 4:
How many ways are there to deal 13 cards from a standard deck 52 deck of cards if the order
in which the cards are dealt is…
a.

Important

b.

Not Important

c.

10𝑃3

Example 5: Independent work *
Find the value of each expression
a.

5𝑃2

b.

5𝐶2

d.

10𝐶3

Example 6: Independent work **
a.

In how many ways can a club with 20 members choose a president and a vicepresident?

b.

In how many ways can the club choose a 2-person governing council?
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Example 7: Independent work **
a.

In how many ways can a host-couple choose 4 couples to invite for dinner from a group
of 10 couples?

b.

Ten students each submit a woodworking project in an industrial arts competition.
There are to be first-, second-, and third-place prizes plus an honorable mention. In
how many ways can these awards be made?

Example 8: Independent work **
Each of the 200 students attending a school dance has a ticket with a number for a door prize.
If 3 different numbers are selected, how many ways are there to award the prizes, given that
the 3 prizes are:
a.

Identical

b.

Different?

Example 9: Independent Work **
a.

A hiker would like to invite 7 friends to go on a trip but has room for only 4 of them. In
how many ways can they be chosen?

b.

If there were room for only 3 friends, in how many ways could they be chosen? How is
your answer related to the answer for part (a) why?
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Example 10: Independent Work **
Show that 100𝐶2 = 100𝐶98 in the following ways:
a.

By using the formula for 𝑛𝐶𝑟

b.

By explaining how choosing 2 out of
100 is related to choosing 98 out of
100.

Example 11: Independent Work **
a.

In how many ways can you choose 3 letters from the word LOGARITHM if the order of
letters is unimportant?

b.

In how many ways can you choose 6 letters from LOGARITHM if the order of letters
unimportant?

Example 12: Independent Work ***
a.

A certain chain of ice cream stores sells 28 different flavors, and a customer can order a
single-, double-, or triple-scoop cone. Suppose on a multiple-scoop cone that the order
of the flavors is important and that the flavors can be repeated. How many possible
cones are there?

b.

Three couples go to the movies and sit together in a row of six seats. In how many ways
can these people arrange themselves if each couple sits together?
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Example 13: Independent Work ***
From a standard deck of 52 cards, 5 cards are dealt and the order of the cards is unimportant.
In how many ways can you receive…
a.

All face cards?

c.

At least one face card?

b.

No face cards?
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15.4 permutations with repetition: circular permutations
(page 583)
15.4 Warm Up!
a.
List all the possible arrangements of the digits in the number 1234.

b.

List all the distinguishable (different) arrangements of the digits in the number 1134.

c.

How many possible arrangements of two 1’s are possible? Of r 1’s?

d.

Compare the number of arrangements in Exercise (a) with the number in Exercise (b).
Then guess how to determine the number of arrangements of n objects if r of them are
identical.
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The Number of Permutations of Things Not All Different
Fewer permutations result when some of the objects being arranged are the same.
Ex: Consider the two 6-letter words MEXICO & CANADA.
Since the letters in the word MEXICO are all different there are ___= 720 possible
arrangements of the letters. CANADA has fewer distinguishable arrangements of its letters
because of the 3 identical ____’s.
𝑛(arrangements of CANADA) =

Let S be a set of n elements of k different types. Let 𝑛1 = the number of elements of type 1,
𝑛2 = the number of elements of type 2, …, 𝑛𝑘 = the number of elements of type k. Then the
number of distinguishable permutations of the n elements is:

Example 1
How many permutations are there of the letters of MASSACHUSETTS?

Example 2
The grid shown represents the streets of a city. A person at point X is going to walk to point Y
by always traveling south or east. How many routes from X to Y are possible?
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Circular (Cyclic) Permutations
Thus far we have considered only linear permutations, but permutations may also be
circular (or cyclic).
Ex:

The diagram below shows that seating four people around a circular table is
different from seating them in a row.
These circular permutations are
the _______, because in each one
A is to the right of B, who is to the
right of C, who is to the right of D

ABCD

DABC

CDAB

BCDA

These linear permutations are
all __________________.

Example 3:
How many circular permutations are possible when seating four people around a table?

Example 4: Independent work *
Find the number of permutations of the letters of the given word
a.

MALE

c.

VERIFY

b.

d.

MALL

VIVIFY

c.

e.

MOUSE

SHAKEUPDOWN

d.

f.

MOOSE

SHAKESPEARE
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Example 5: Independent work *
Each of the 10 finalists in the state spelling bee contest receives a prize. The prizes are six $25
bonds, three $50 bonds, and one $100 bond. In how many ways can these prizes be given?

Example 6: Independent work **
In the English language, antidisestablishmentarianism is one of the longest words. If a
computer could print out every permutation of this word at the rate of one word per second,
how long would it take?

Example 7: Independent work **
A person bicycles along the city streets shown at the right by always traveling south and east.
Find the number of possible routes from:
a.

X to Y

b.

X to Q

c.

Q to Y

d.

X to Y via Q

Example 7: Independent work *
How many circular permutations are possible when seating 5 people around a circular table?
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Example 8: Independent work **
A typical January in Boston has 3 days of snow, 12 days of rain, and 16 days without
precipitation. In how many ways can such weather be distributed throughout the month?
[Hint: Think of a weather distribution pattern as a 31-letter word made up of S’s (snow), R’s
(rain), and N’s (no precipitation).]

Example 9: Independent work ***
A teacher’s grade book alphabetically lists 25 students in a class. This teacher, who does not
give pluses and minuses with letter grades, announces that on the last test there were 5 A’s,
10 B’s, 6 C’s, 3 D’s, and 1 E.
a.

Explain how a 25-letter “word” could tell who got what grade.

b.

In how many ways can these grades be distributed to the 25 students?

Example 10: Independent work ***
A group of 12 friends goes to a cinema complex that is showing 6 different movies. If the
group splits up into subgroups based on movie preferences, how many subgroup
combinations are possible. [For a hint, reference #16 on page 587]
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15.5 The Binomial Theorem; Pascal’s Triangle (Page 590)
15.5 Warm Up!
Expand the following binomials
a.

(𝑎 + 𝑏)1

c.

(𝑎 + 𝑏)3

b.

(𝑎 + 𝑏)2

Binomial Theorem
There is an important relationship between powers of binomials and combinations.
For any positive integer n, the binomial expansion of (𝑎 + 𝑏)𝑛 is:

(𝑎 + 𝑏)𝑛 = 𝑛𝐶0 𝑎𝑛 𝑏 0 + 𝑛𝐶1 𝑎𝑛−1 𝑏1 + 𝑛𝐶2 𝑎𝑛−2 𝑏 2 +⋅⋅⋅ + 𝑛𝐶𝑛 𝑎0 𝑏 𝑛

Notice that each term in the expansion of (𝑎 + 𝑏)𝑛 has the from𝑛𝐶𝑟 𝑎𝑛−𝑟 𝑏 𝑟 where r is an
integer from 0 to n.

23

Example 1
Expand using the binomial theorem
a.

(𝑎 + 𝑏)3

b.

(𝑎 + 𝑏)4

Example 2
Give the first four terms in the expansion of (𝑥 − 2𝑦)10 in simplified form.

Example 3: Independent work **
Give the expansion of each binomial. Simplify your answers.
a.

(𝑎 − 𝑏)5
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b.

(2𝑎 + 1)5

c.

(𝑥 + 𝑦)7

d.

(𝑥 2 − 𝑦 2 )3
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e.

1 6

(𝑥 + 𝑥)

Example 4: Independent work **
Find the first four terms of the expansion of the given expression. Do not simplify your
answers.
a.

(𝑎2 − 𝑏)100

b.

(sin 𝑥 + sin 𝑦)10

Example 5: Independent work ***
Find the value of (1.01)5 to the nearest hundredth by considering the expansion of
(1 + 0.01)5 .
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Example 6: Independent work ***
In the expansion of (𝑎 + 𝑏)12 what is the coefficient of:
a.

𝑎8 𝑏 4

b.

𝑎4 𝑏 8

Example 7: Independent work ***
2 12

In the expansion of (𝑥 2 + 𝑥) , find and simplify the constant term.
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