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5.5 Linearization and Differentials
Topics
v

v

Linear Approximation
v
Differentials
Estimating Change with Differentials

Warm Up!
Use the function 𝑓 𝑥 = 𝑥𝑒 %& + 1 , to answer the following.
a.

Sketch the graph and solve graphically for the roots.

b.

Write an equation for the line tangent to f at x = 0.
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Linear Approximation
In our study of the derivative we have frequently referred to the “tangent line to the
curve” at a point. What makes that tangent line so important mathematically is that it
provides a useful representation of the curve itself if we stay close enough to the point
of tangency. We can say that differentiable curves are always _________ __________,
a fact that can best be appreciated graphically by zooming in at a point on the curve.
Exploration 1: Appreciating Local Linearity
,

The function 𝑓 𝑥 = 𝑥 ) + 0.0001 - + 0.9 is differentiable at x = 0 and hence “locally linear”
there. Let us explore the significance of this fact with the help of a graphing calculator.
a.

Graph 𝑦 = 𝑓 𝑥 in the “ZoomDecimal” window. What appears to be the behavior of
the function at the point (0, 1)?

b.

Show algebraically that f is differentiable at x = 0. What is the equation of the tangent
line at (0, 1).

c.

Now zoom in repeatedly, keeping the cursor at (0, 1). What is the long-range outcome
of repeated zooming?

d.

The graph of 𝑦 = 𝑓 𝑥 eventually looks like the line of the graph of a line. What line is
it?
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Linearization
I hope through the exploration you could see that as you zoom in on a differentiable
function, its graph at that point actually seems to become the graph of the tangent line.
This is the basis for most of the applications of differential calculus.
If f is a differentiable at x = a, then the equation of the tangent line,
𝐿(𝑥 ) =
defines the linearization of f at a. The approximation 𝑓(𝑥) ≈ 𝐿(𝑥 ) is the standard
linear approximation of f at a. The point x = a is the __________ of the approximation.
The goal of linearization is to approximate the new ____ value for a curve with using a
______. Why? Because it’s easier to use a line than a curve!
To use the method of linearization we need 3 things:
1.
2.
3.
Example 1: Using Linearization.
Consider 𝑓 𝑥 = 𝑥. We know that f(4) = 2, but without a calculator, how can we find f(4.1)?
a.

Find an equation of the tangent line for f(x) when x = 4 [We will refer to this line as L(x).]

b.

The tangent line you found is approximately the same as f(x) “centered at x = 4”. Use
your tangent line to approximate f(4.1).

c.

Use a calculator to approximate f(4.1). How close is the approximation?
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Example 2: Using Linearization
a.

Write the equation of the tangent line of the function 𝑓 𝑥 = 𝑥 4 + 2𝑥 at x = 1. Use it to
estimate f(.9)

b.

Write the equation of the tangent line of the function 𝑓 𝑥 = 𝑥 at the point (16, 4).
Use that tangent line to approximate the value of f(16.5)
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Example 3: Linearization Practice
a.

Let f be a function that is differentiable for all real numbers. The table below gives the
values of f and its derivative f’ for selected points x in the closed interval
−1.5 ≤ 𝑥 ≤ 1.5. The second derivative of f has the property that f’’(x) > 0 for
−1.5 ≤ 𝑥 ≤ 1.5. Using the tangent line of f(1), estimate the value of f(1.2).
x
f(x)
f’(x)

-1.5
-1
-7

-1.0
-4
-5

-0.5
-6
-3

0
-7
0

0.5
-6
3

1.0
-4
5

1.5
-1
7

b.

Find the equation of the tangent line to 𝑦 = sin 𝑥 at the origin, and use it to find an
estimation of sin 0.12

c.

Let f be a differentiable function. Estimate f(2.1) given that f(2) = 1 and f’(2)=3
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d.

Use the graph of f to approximate f(1.9) and f(2.04)

AP Questions on Sections 5.6
1998 AB4 (parts a & b) – Calculator allowed
1995 AB3 – Calculator allowed
1991 AB3 (parts a & b) – Calculator allowed
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5.1 Extreme Values of Functions
Topics
v Absolute (Global) Extreme Values
v Local (Relative) Extreme Values
v Finding Extreme Values

Warm Up!
Match the table with a graph of f(x)
1.

2.

3.

4.
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Absolute (Global) Extreme Values
One of the most useful things we can learn from a function’s derivative is whether the
function assumes any maximum or minimum values on a given interval and where these
values are located if it does.
Extreme Value Theorem
If f is continuous on a closed interval [a,b] then f has both a _____________ and a
_____________ on the interval.
Absolute (or Global) Extrema… the BIGGEST or smallest y-value in the interval.
Let f be defined on an interval I containing c.
1. f(c) is the ___________ of f on the interval if f(c)____ f(x) for all x in I.
2. f(c) is the ___________ of f on the interval if f(c)____ f(x) for all x in I.
**These statements imply absolute or global extreme***

Example 1: Absolute Extrema
Identify if the following graphs have an absolute minimum, absolute maximum, both, or
neither.
a.

b.

c.

d.
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Local (Relative) Extreme Values
Let c be an interior point of the domain of the function f. Then f(c) is a
a. Local _____________ value at c if and only if f(x)
f(c) for all x in some open
interval containing c.
b. Local _____________ value at c if and only if f(x)
f(c) for all x in some open
interval containing c.
A function f has a local maximum or local minimum at an _______________ c if the
appropriate inequality holds for all x in some half-open domain interval containing c.
Local extrema are also called ___________ extrema. An _______________ extrema is
also a local extremum, because an extreme value overall makes it an extreme value in
its immediate neighborhood.
Example 2: Extreme Values
Classify the extreme values.
a.

b.

Using the same diagram above, find:
f ‘(c) =

f ‘(d) =

f ‘(e) =

Critical Point
A point in the interior of the domain of a function f at which f ‘= _____ or f ‘_______ is
a critical point of f.
If f has a relative minimum or relative maximum at x = c, then c is a critical number of
f. (Converse not always true) Just because a derivative is zero or DNE does not mean
there is a relative min or max there. (ex: y = 𝑥 4 at x = 0)
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Guidelines for Finding Absolute/Relative Extrema on a Closed Interval
1. Find the critical numbers of f in (a, b) by finding where f ‘ =_____ and f ‘ _____.
a. These critical numbers _____ the endpoints make up a list of candidates
for the extrema.
2. Evaluate each candidate by plugging these numbers back into the ____________
function.
3. The _______ of the values from step 2 is the absolute minimum, and the
_______________ of these values is the absolute maximum. If the interval is
closed and the endpoints do not result in an absolute min or max, a sign chart
can be used to determine whether or not the endpoints result in a relative max or
min.
Example 3: Writing Extrema
Fill in the blanks
a.

The crucial numbers (or critical points) are ______ values, while the
maximums/minimums of the function are ______ values. In other words, if the point
(2, 70) is identified a relative minimum, the minimum of the function is _______, and it
occurs at ________. (this is how you correctly describe extrema)

Example 4: Finding Extrema
Find the extrema of the following functions on the given intervals. Use your graphing
calculator to investigate first.
a.

𝑓 𝑥 = 3𝑥 = − 4𝑥 4 on the interval [-1, 2]
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b.

𝑓 𝑥 = sin 𝑥 on [0, 2𝜋]

c.

𝑓 𝑥 = 2(3 − 𝑥) on [-1, 2]

d.

𝑓 𝑥 = −𝑥 ) + 3𝑥 on [0, 3]
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&@

on −1, 1

e.

𝑓 𝑥 =

f.

𝑓 𝑥 = cos 𝜋𝑥 on 0,

& @ %4

D
E
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5.2 Increasing & Decreasing Functions
Topics
v Increasing and Decreasing Functions

Warm Up!
For the two functions, find the following.
𝑓 𝑥 = 8 − 2𝑥 )
a.

Domain of f

b.

Where is f continuous

c.

Where is f differentiable

𝑔 𝑥 =

𝑥
𝑥2 −1

a.

Domain of f

b.

Where is f continuous

c.

Where is f differentiable
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Increasing vs. Decreasing
A function f is _______________ on an interval if for any two numbers 𝑥D < 𝑥) in the
interval,
𝑥D < 𝑥) implies
A function f is _______________ on an interval if for any two numbers 𝑥D < 𝑥) in the
interval,
𝑥D < 𝑥) implies
Both definitions mention “any two numbers” on the interval… so we generally include
the endpoints.
Example 1: Increasing vs. Decreasing
Use the graph to answer the following.
a.

What interval is the
function:

b.

What is the value of the
derivative when the
function is:

Decreasing

Decreasing

Increasing

Increasing

Constant

Constant
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Increasing vs. Decreasing continued
Let f be a function that is continuous on the closed interval [𝑎, 𝑏] and differentiable on
the open interval (𝑎, 𝑏).
1. If 𝑓 N (𝑥 ) 0 for all x in (𝑎, 𝑏), then f is increasing on [𝑎, 𝑏]
2. If 𝑓 N (𝑥 ) 0 for all x in (𝑎, 𝑏), then f is decreasing on [𝑎, 𝑏]
3. If 𝑓 N (𝑥 ) 0 for all x in (𝑎, 𝑏), then f is constant on [𝑎, 𝑏]
Guidelines for Finding Intervals on Which a Function is Increasing or Decreasing
Let f be continuous on the interval [𝑎, 𝑏]. To find the intervals on which f is increasing
or decreasing use the following steps:
1. Find the ____________ __________ of f in the interval (𝑎, 𝑏), and use these
numbers to create a sign chart.
2. Use the ________ of the _______________ to determine whether or not the
function is increasing or decreasing.
** Your sign chart is NOT a justification to your response. Your response should be
written in words… “The function is increasing (or decreasing) on the interval [c, d]
since 𝑓 N (𝑥 ) > 0 (or 𝑓 N (𝑥 ) < 0) on the interval (c, d)”
Example 2: Finding Intervals of Increasing/Decreasing
Find the interval where f(x) is increasing or decreasing.
a.

𝑓 𝑥 = 4𝑥 4 − 15𝑥 ) − 18𝑥 + 7
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@
Q

b.

𝑓 𝑥 = 𝑥) − 9

c.

𝑓 𝑥 = 𝑥 4 − 2𝑥 ) − 30𝑥 + 5

)
4
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d.

𝑓 𝑥 = 𝑥 4 − 3𝑥 ) + 4

Example 3: Antiderivatives
Suppose you were given a function f’(x). What could f(x) possible be? Is there more than one
answer?
a.

𝑓′ 𝑥 = 2𝑥 − 1

Antiderivatives
Finding the function from the derivative is a process called _____________________,
or finding the antiderivative.

Example 4: Antiderivatives and Graphs
Suppose the graph of f’(x) is given. Draw at least three possible functions for f(x).
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Example 5: Antiderivatives
If you were told that f(3)= -2, what would the value of C be from your answer to Example 6

Important
If a function has one antiderivative, then it has many antiderivatives that all differ by a
constant. Unless you know something about the original function, you cannot
determine the exact value of that constant, but the “+C” must be in your answer.

Example 6: AP Practice (1993 AB1)
Let f be a function given by 𝑓 𝑥 = 𝑥 4 − 5𝑥 ) + 3𝑥 + 𝑘, where k is a constant.
a.

On what intervals is f increasing?

b.

Find the value of k for which f has 11 as its relative minimum.
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5.3 Connecting f’ and f’’ with
the Graph of f
Topics
v First Derivative Test for Local Extrema
v Concavity
v Points of Inflection
v Second Derivative Test for Local Extrema
v Learning about Functions from Derivatives

Warm Up!
Use 𝑓 𝑥 = −3𝑥 T + 5𝑥 4 on −1, 1
a.

Find the x-values of the absolute min and max and justify.

b.

Find where f(x) is increasing and decreasing and justify.

20

First Derivative Test for Extrema
We have already determined that relative extrema occur at critical points. The
behavior of the first derivative before and after those critical points will help determine
whether or not the function has a relative ______ or ______ (or neither) at these
critical points.

Example 1: First Derivative Test
Given the graph of f, label the relative extrema.

Example 2: First Derivative Test
Use the graph of f in Example 1 to do the following:
a.

Sketch f’ as accurately as you can.

b.

Label the x-values of the extrema from f on f’
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First Derivative Test for Extrema
Let f be a continuous function, and let c be a critical point.
1. If f’ changes sign from positive to negative at c, then f has a local ____________
value at c.
2. If f’ changes sign from negative to positive at c, then f has a local ____________
value of c.
3. If f’ DOES NOT change signs, then there is no local extreme value at c.
If you are asked to find the absolute maximum (or just maximum) of the function on a
closed interval, you MUST test the ______________ also, and it may be just as simple
to plug in the endpoints and the critical points.

Example 3
Find where the function given is increasing and decreasing, then use the first derivative test to
determine the x-values of any local extrema.
a.

ℎ 𝑥 = 𝑥 = − 4𝑥 4
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b.

𝑔 𝑥 = 𝑥)𝑒 &

Concavity
Concavity deals with how a graph is curved. A graph that is concave up will have a
graph that looks like
, while the graph that is concave down looks like
We use the ____________ derivative to determine the concavity of a function.
Definition of Concavity
Let y = f(x) be a differentiable function on an interval I. The graph of f(x) is concave up
on I if f’ is _______________ on I, and concave down on I if f’ is _____________ on I.
• If the first derivative is increasing, then the second derivative must be ________.
• If the first derivative is decreasing, then the second derivative must be ________.
Instead of using the defn of concavity to determine whether the function is concave up
or down, we can use the following test.
Concavity Test
The graph of a twice-differentiable function y = f(x) is concave ____ on any interval
where y’’ > 0, and concave ________ down on any interval where y’’ < 0.
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Example 4:
Indicate which portions of the graph are concave up, and which portions are concave down.
Label the point where the graph changes concavity.

Example 5:
a.

Label the x-axis where the graph changes concavity. Verify this with the definition of
concavity as it relates to the first derivative.

b.

Sketch the graph of f’’ on the same grid.
Notice that the concavity of f changes
When f ‘’ ____________________.
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Example 6
Find the intervals where the function 𝑔 𝑥 = 𝑥 = − 4𝑥 4 is concave up and concave down.

Points of Inflection
A point where the graph of a function has a _____________ line (even if it’s a vertical
tangent line) AND where the _____________ changes is a point of inflection.

Example 7
Using each picture, estimate each point of inflection, if any, and sketch the tangent line at that
point.
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Since points of inflection occur when the graph changes ________________, and a
graph changes concavity when the _____________________ changes from positive to
negative (or vice-versa), then if we wanted to find the points of inflection of a graph, we
only need to focus on when the second derivative equals ____ (or does not exist).
**Just because the second derivative equals zero (or does not exist) you are NOT
guaranteed that the function has a point of inflection. The second derivative MUST
change signs (meaning concavity changed) in order for a point of inflection to exist!**
Example 8
Find the points of inflection of the following function.
a.

𝑔 𝑥 = 3𝑥 T + 10𝑥 = + 15𝑥 + 7

b.

𝑓 𝑥 = 2𝑥 4 − 3𝑥 ) − 12𝑥 + 5
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Let’s consider the function from earlier in the lesson.
First look at the point where the function had a relative maximum.
Was the graph concave up or down at that point?
Secondly, look at the point where the function had a minimum.
Was the graph concave up or down at that point?

As long as the function is twice-differentiable (meaning the first derivative is a smooth
curve), then we can actually determine whether or not a critical point is a relative max
or min WITHOUT testing values to the right and left of the point.
We can use the Second Derivative test.
If 𝑓 N (𝑐 ) = 0 (which makes x = c a critical point) AND
𝑓 NN (𝑐 ) < 0 , then f has a local ______________ at x = c.
𝑓 NN (𝑐 ) > 0 , then f has a local ______________ at x = c.
**If the second derivative is equal to zero (or undefined) then the 2nd Derivative Test is
INCONCLUSIVE. And remember… this is all for Relative Maxs and Mins… most
FRQs on recent AP exams focus on Absolute Extrema… for that your best bet is to
simply test ALL candidates found from the 1st Derivative.

Example 9
Use the Second Derivative Test to identify any relative extrema for the given functions.
a.

𝑔 𝑥 = −𝑥 = + 4𝑥 4 − 4𝑥 ) + 1
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b.

𝑓 𝑥 = 2𝑥 4 − 3𝑥 ) − 12𝑥 + 5

AP FRQ Practice
Let 𝑓 𝑥 =

)& @

& @ W=

a.

On what interval(s) is f increasing? Justify your response.

b.

On what interval(s) is f concave up? Justify your response.

c.

At what values of x does f have an inflection point? Justify your response.
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Example 9
Fill in the blanks
1.

f’(x) > 0 then f(x) is ________________________.

2.

f’(x) < 0 then f(x) is ________________________.

3.

f’(c) = 0 or undefined then c is a ________________________.

4.

If f’(x) changes from + to – at C then c is a ________________________.

5.

If f’(x) changes from – to + at C then c is a ________________________.

6.

There is a critical value at x = 2, and the function is concave up on the interval (−∞, 4)
therefore your critical value is a ________________________.
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5.2 cont.: Mean Value Theorem
& Rolles Theorem
Topics
v Mean Value Theorem
v Rolles Theorem

Mean Value Theorem
The mean value theorem connects the average rate of change of a function over an
interval with the instantaneous rate of change of the function at a point within the
interval.
If 𝑦 = 𝑓(𝑥) is continuous at every point of the closed interval [𝑎, 𝑏] and differentiable
at every point of its interior (𝑎, 𝑏), then there is at least one-point c in (𝑎, 𝑏) at which

𝑓 N (𝑐 ) =

𝑓Y𝑏Z−𝑓(𝑎)
𝑏−𝑎

Basically, the Mean Value Theorem says, that the average rate of change over the
entire interval is ________ to the instantaneous rate of change at some point in the
interval.

Example 1: Understanding the MVT
a. A plane begins its takeoff at 2:00 pm on a 2500-mile flight. The plane arrives at its
destination at 7:30 pm (ignore time zone changes). Explain why there were at least two
times during the flight when the speed of the plane was 400 miles per hour.
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b.

At 7 p.m., a car is traveling at 50 miles per hour. Ten minutes later, the car has slowed
to 30 miles per hour. Show that at some time between 7 and 7:10, the car’s
acceleration is exactly 120, in units of miles per hour squared.

c.

A police officer clocks a commuter’s speed at 50 mph as he enters a tunnel whose
length is exactly 0.75 miles. A second officer measures the commuter’s speed at 45
mph as he exits the tunnel 43 seconds later. Use the MVT to justify the speeding ticket
that the commuter received even though the posted speed limit was 50 mph.
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Example 2: Exploring the MVT
Apply the Mean Value Theorem to the function on the indicated interval. In each case, make
sure the hypothesis is true, then find all values of c in the interval that are guaranteed by the
MVT.
a.

𝑓 𝑥 = 𝑥 𝑥 ) − 𝑥 − 2 on the interval [-1, 1]

b.

At what value(s) does 𝑦 =

&WD
&

for

D
)

,2
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Example 3: MVT from Table
a.

The function f and g are differentiable for all real numbers, and g is strictly increasing.
The table provided gives values of the function and their first derivatives at selected
values of x. The function h is given by ℎ 𝑥 = 𝑓 𝑔 𝑥 − 6.

Explain why there must be a value r for 1 < r < 3 such that h(r) = -5

Explain why there must be a value c for 1 < c < 3 such that h’(c) = -5
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d.

Suppose that f is a differentiable function such that 𝑓 1 = 20, 𝑓′ 𝑥 ≥ 3, 1 ≤ 𝑥 ≤ 6.
What is the smallest possible value for 𝑓 6 .

e.
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Rolle’s Theorem
Let f be continuous on the closed interval [a, b] AND differentiable on the open interval
(a, b). If
𝑓 (𝑎) = 𝑓(𝑏),
then there is at least one number c in (a, b) such that 𝑓′(𝑐 ) =_____
Graphically speaking, there is a ________________ tangent somewhere in the interior
of the interval.

Example 4: Rolle’s Theorem
a.

Let 𝑓 𝑥 = 𝑥 = − 2𝑥 ) . Find all values of c in the interval [-2, 2] such that 𝑓′ 𝑐 = 0.

b.

Find the two x-intercepts of 𝑓 𝑥 = −𝑥 ) + 7𝑥 − 10 and show that 𝑓′ 𝑥 = 0 at some
point between the intercepts.
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